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Abstract 



We establish various results on the large level limit of projective 
quantum representations of surface mapping class groups obtained by 
C^ . quantizing moduli spaces of flat SU{n)-hund\e. Working with the 

metaplectic correction, we proved that these projective representations 
lift to asymptotic representations. We show that the operators in these 
representations are Fourier integral operators and determine explicitly 
^ , their canonical relations and symbols. We deduce from these facts 

^SJ ' the Egorov property and the asymptotic unitarity, two results already 

lO i proved by J.E. Andersen. Furthermore we show under a transversality 

~~J^ ' assumption that the characters of these representations have an asymp- 

totic expansion. The leading order term of this expansion agrees with 



'/^ ' the formula derived heuristically by E. Witten in Quantum field theory 



and the Jones polynomial. 



Quantum Chern-Simons theory was introduced twenty years ago by Wit- 
ten [^] and Reshetikhin-Turaev ||3^. It provides finite dimensional projec- 
^ ■ tive representations of surface mapping class groups. These representations 

may be defined with combinatorial-topological methods or through confor- 
mal field theory. Another approach, that we will follow, consists in quan- 
tizing the moduli spaces of flat principal bundles with a given structure 
group. 

More precisely, consider a closed surface S, a compact Lie group G and 
an integer k, called the level. The moduli space of flat G-principal bun- 
dles over S is the base of a Hermitian line bundle called the Chern-Simons 
bundle. The quantum Hilbert space associated to (S, G, k) is the space of 
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holomorphic sections of the k-th tensor power of the Chern-Simons bundle. 
Here the complex structure is induced by a class of complex structures in 
the Teichmiiller space of S. So we have a vector bundle over the Teichmiiller 
space, called the Verlinde bundle, whose fibers are the various Hilbert spaces. 
Hitchin |22] and Axelrod-Della Pietra-Witten [^ proved that the Verlinde 



bundle has a natural projectively flat connection. Using this connection, we 
can identify the different fibers through parallel transport. The connection 
being equivariant with respect to the mapping class group action, we obtain 
a projective representation of this group. 

In this paper, we study the asymptotic properties of the connection and 
deduce several facts on the mapping class group representations. Here and 
in the sequel, asymptotic always refer to the large level limit. 

We consider only the case where G is the special unitary group SU{n) 
with n ^ 2, the genus (7 of S is larger than 2 and the moduli space is the space 
of G-principal flat bundles whose holonomy around a given marked point is 
a fixed generator of the center of G. With this last condition the moduli 
space is smooth. The relevant mapping class group here is Fj, the group 
of isotopy classes of orientation preserving homeomorphisms that are the 
identity on a fixed neighborhood of the marked point. Using the connection 
of the Verlinde bundle defined in [^], we obtain a projective representation 

ofri. 

We work with the metaplectic correction. This does not change the Ver- 
linde bundle, neither the projective representation. Nevertheless the con- 
nection is modified by a multiple of identity and its natural automorphisms 
group is an extension of the mapping class group 

1 -^ Z/2Z ^ f^ ^ r^ ^ 1. 

This modified connection has been introduced in [0], the comparison with 



the one of [22| is made in the present paper. 

Our first semi-classical result says that the modified connection is asymp- 
totically flat in the sense that its curvature is bounded on compact subsets 
by a constant times the inverse of the level, cf. theorem p.l| . As a conse- 
quence we obtain an asymptotic representation of F^. More precisely we can 
lift the projective representation in such a way that the projective multiplier 
of any two elements of F^ is bounded by the inverse of the level. 

Second we prove that the operators in these asymptotic representations 
are Fourier integral operators, the underlying canonical relations being given 
by the action of the mapping class group on the Chern-Simons bundle and 
the principal symbols by the action on the half-form bundle, cf. theorems 



2.2 and |2.3| . So we recover the classical Chern-Simons theory from large level 
quantum theory. This is our main result and it has several consequences. 

First we recover some results proved by Andersen in |Q]: the quantum 
representations satisfy the Egorov property. This implies that an element 
of r^ can not act trivially unless its action on the moduli space is trivial, cf. 



theorem ^^. Furthermore the quantum representations are asymptotically 
unitary for a natural scalar product, meaning that the product of each op- 
erator by its adjoint is the identity modulo a term bounded by the inverse of 
the level, cf. theorem p.5| . The existence of a scalar product asymptotically 
invariant was already proved in Q. 

Another important consequence, which is a new result, is the estimate 
under some transversality assumptions of the characters of the mapping class 
group representation. We prove that these characters admit an asymptotic 



expansion and compute explicitly the leading order term, cf. theorem 2.6. 
It is a general property of topological quantum field theory that the charac- 
ter of the representation of an element 93 of the mapping class group is the 
three-dimensional invariants of the mapping torus of ip. Using path inte- 



gral methods, Witten derived heuristically [32| an asymptotically equivalent 
of the three-dimensional invariants. The leading order term we find agrees 
with Witten's formula. Let us point out that to our knowledge the equiva- 
lence between the different approaches of topological quantum field theory 
remains conjectural. In particular we do not know any precise statement 
relating the character of the representation defined via geometric quantiza- 
tion of the moduli spaces with the invariants of surface bundles defined via 
combinatorial-topological methods. 

Our proofs rely on the microlocal techniques which have been developed 
in the context of geometric quantization since the seminal work of Boutet 



de Monvel and Guillemin [10|. We essentially use results of our own papers: 



[13| for the Fourier integral operators in this geometric context, |15] for 
the semi-classical properties of connections and p^ for the estimate of the 
trace of a Fourier integral operator. The role played by the metaplectic 
correction in this theory was understood in [^]. For a part of the results, 
this correction is not necessary. As instance we can prove that the operator 
in the representation defined with the connection of [^^ are Fourier integral 
operators and that their characters admit an asymptotic expansion. But 
for the computations of the principal symbol of these operators and of the 
leading order term of the asymptotic expansion of the characters, we use 
the metaplectic correction. 

The semi-classical limit of the quantum Chern-Simons theory is essen- 
tially conjectural, because it relies on the path integral formalism. Neverthe- 



less some rigorous results have been obtained, cf. |25] for the estimate of the 
trace norm of the curve operators, [^ and for the asymptotic faithful- 
ness. In particular, the paper ||2| was the first using microlocal techniques in 
this context, cf also Q. Many papers were devoted to the Witten's formulas 
for the asymptotic of the three-dimensional invariant of Seifert manifolds, 
cf. [0] for a recent account and references therein. The case of the mapping 
torus of finite order diffeomorphisms has been considered in M. 



In a companion paper |16], we prove similar results in genus 1 for the 
quantum representations of the modular group. In particular we derive the 
asymptotic for the the torus bundle invariants proved in p3[ |. 

The paper is organized as follows. Section || is mainly expository. We 
introduce the various data necessary to quantize the moduli spaces which 
are the complex structures, the Chern-Simons bundle and half-form bundle. 
We also discuss carefully the action of the modular group. Since we work 
with one marked point, it is necessary to consider various extensions of 
the usual mapping class group. In sectioii0, we state the results previously 
mentioned in the introduction. In section ^ we review the construction of the 
Hitchin's connection. We give a general presentation in order to compare the 
connection of p^ ] with the one of H. This makes clear that the connection 
with the metaplectic correction is projectively flat. In sections ^ and g, we 
prove the asymptotic flatness. The material in these sections is completely 
elementary. In the last sections g and Q we introduce a general class of 
semi-classical connections and prove that their parallel transport are Fourier 
integral operators. 

Acknowledgements — I am grateful to Richard Wentworth for helpful 
discussions and to Chris Woodward for answering my questions about his 
work. 

1 Quantization of moduli spaces 

1.1 Moduli space and the Chern-Simons bundle 

Let S be a compact connected oriented surface without boundary of genus 
g ^ 2 with a marked point p. Let n, d be two coprime integers with n ^ 2. 
Consider the moduli space M of flat SU(n)-principal bundles over S \ {p\ 
with holonomy around p equal to exp(2i7r(i/n) id. Since (n, d) = 1, A^ is a 
smooth compact manifold. 

For any [P] G Al, the bundle associated to P via the adjoint represen- 
tation is a flat real vector bundle over S \ {p} whose holonomy around p 



is trivial. So this associated bundle is the restriction of a flat real vector 
bundle AdP over S, unique up to isomorphism. The tangent space of the 
moduli space at [P] is 

T[P]M ~/7^(S,AdP). 

The bundle Ad P has a natural metric coming from the basic scalar product 
of su(n) 

a ■ b = ^ tr(a6), a, 6 € su(n) 

Atiyah and Bott [^ introduced a symplectic form um on A^. It is given by 

^>f([a]>M) = 27r / a-b 

where a and b are any closed forms of r2^(S, AdP). 

The following facts are proved in |||], |2^, [27]: M. is simply connected, 
it has no torsion, its second Betti number is one and nojM is a generator of 
H'^{M,'L) C H'^{M,^). So there exists a Hermitian line bundle 

Lcs^ M 

equipped with a connection of curvature jOJm- We call Lcs the Chern- 
Simons bundle, it is unique up to isomorphism. 

Various explicit constructions of Lcs as a quotient in gauge theory were 
given in ||l^, [|g] and P extending the construction of Ramadas-Singer- 



Weitsman [28[ in the case S has no marked point. This is important for 
our purpose because one can deduce that the mapping class group action 
on AA lifts to Lcs-, cf. next section. We can also construct by gauge theory 
an orbifold prequantum bundle on M. with curvature ^ojm- The nth power 
of this bundle is Lcs- There is no restriction to consider only Lcs because 
only the A:-th powers of the orbifold prequantum bundle with k divisible by 
n admits non trivial global sections. 

1.2 Mapping class groups 

Since we consider a surface with a marked point p, we may introduce three 
different mapping class groups 

r^ := 7ro(Diff+(S)), T^,! := 7ro(Diff+(S,p)), V]. := 7ro(Diff+(S,D)) 



where D is an embedded disk in S whose interior contains p. Recall that 
r^^i is an extension of Tg by the fundamental group of S, 

i^7ri(s)^rg,i^rg^i. 

Furthermore, 

where the kernel is generated by a Dehn twist on a loop around p. 



The following facts are explained in detail in the paper [17]. First, the 
mapping class group P^^i acts on M] this action does not factor through an 
action of F^. Second, the mapping class group F^ acts the Chern-Simons 
bundle by automorphisms of prequantum bundles. This action lifts the 
previous action of F^.i on M. Nevertheless it does not in general factor 
through an action of F^^i. Indeed, a Dehn twist on a loop around p acts on 
Lcs by multiplication by exp(i7r(n — l)<f) in each fiber. 

1.3 Complex structure 

Suppose S is endowed a complex structure compatible with the orientation. 
Then by Hodge decomposition, for any [P] € M 

H\M, Ad P) 0C = H^'\^, (AdP) ® C) e i/i'°(S, (AdP) C) 

A4 has a complex structure such that the holomorphic tangent space at [P] 
is the first summand in the previous decomposition. This complex structure 
is integrable, compatible with ojm ^md positive. So it makes 7V4 a Kahler 
manifold. It may also be defined by identifying Ai with the moduli space 
of holomorphic vector bundles of rank n, degree d with a fixed determinant 
through the Narasimhan-Seshadri theorem. The Chern-Simons bundle has 
a unique holomorphic structure such that its 9-operator is the (0, l)-part of 
the connection. 

Let A be the space of complex structures of S and 

r:=^/Diff+(S) 

be the Teichmiiller space. The mapping class group Tg acts on T. As a fact, 
the complex structure of M induced hy j € A only depends on the class of 
j in the Teichmiiller space. Furthermore the actions of F^^i on A4 and F^ on 
T are compatible in the sense that for any 7 G F^^i and a (z T, the action 
of 7 on A^ sends the complex structure induced by a into the one induced 
by 7(<t). 



For any class a in the Teichmiiller space, we let Mfj be M endowed with 
the complex structure induced by a and L„ -^ Ada be the Chern-Simons 
bundle with the corresponding holomorphic structure. 

We shall consider T x A4 ^ A4 as a smooth family of complex manifold, 
so we identify Ad^ with the slice {a} x A4. Denote by L the pull-back of 
Lcs by the projection from T x A4 onto A4. The action of F^ on L lifts the 
diagonal action of F^i on T x A^. 

1.4 Half- form bundles 

Let K be the line bundle over T x Ai whose restriction to Ad^ is the canon- 



ical bundle K^ of A^o-- By |29|, the canonical class of A^ has a square root. 
So there exists a line bundle 6 over TxA4 such that 6^ c^ K. Fix an isomor- 
phism ip from (5^ to K. Since T is contractible and A^ simply connected, 6 
and if are unique up to isomorphism. 

The diagonal action of the mapping class group Fg on T x TW lifts natu- 
rally to K. Denote by 'Jk the isomorphism of K corresponding to the action 
of 7 G F^. Then define the subgroup of F^ x Aut((5) 

This group is an extension by Z/2Z of F^. This follows again from the fact 
that T is contractible and AA. simply connected. Since F^ acts on the Chern- 
Simons bundle, the same holds for its cover F^. This is the reason why we 
consider here F^ instead of F^^i. 

For any a G T, we denote by 5^ the restriction of 5 to Ala-- This line 
bundle has a holomorphic structure and a Hermitian metric determined 
by the condition that the restriction of if is an isomorphism 5"^ — ?> K^ of 
holomorphic Hermitian bundles. 

1.5 Quantization 

Define for any positive integer k and any o" G T, 

This vector space is finite dimensional and has a natural scalar product 
defined by integrating the pointwise scalar product of sections against the 
Liouville measure. 

Since the canonical class of A^ is negative, it follows from Riemann- 
Roch-Hilbert theorem and Kodaira vanishing theorem that the dimension 



of 'Hk,cT does not depend on a. So by elliptic regularity, the T-Lk^a^ are the 
fibers of a smooth vector bundle Tik with base T. Furthermore, the actions 
of Fg on the Chern-Simons bundle and 5 induce an action of the same group 
on Tik- 

By IQ], the bundle Ti.k has a natural Fg-equivariant connection V^''. It 
is given by an explicit formula, cf. theorem ^^. The paper [Q] does not 
address the issue of the projective flatness. Actually this projective flatness 



follows from the results of |22[ | as it is explained in section 3.8. 
1.6 Comparison with the usual construction 



By [26|, the canonical class of M is —2ci{Lcs)- So the fiber bundles 5 and 
L^^ are isomorphic. Since the Jacobian variety of each M.^ is trivial, one 
can even choose an isomorphism between 5 and L~^ restricting on each slice 
Ada to an isomorphism of holomorphic vector bundles. So 

nk,a^H\Ma,Ll-^) (1) 



In [22 1, Hitchin defined a fiat connection on the projective space bundle over 
the Teichmiiller space with fibers ¥{H^{M.fj,L^~^)). We prove in section 
3.8 that this connection is the same as the one induced by V *" via the 



isomorphism (|l|). 

The bundles 5 and L^^ have no reason to be F^-equivariant. How- 
ever, choosing as above an isomorphism compatible with the holomorphic 
structure in each slice, we obtain an equivariant isomorphism between the 
projective space bundles. This follows from the trivial fact that the group 
of automorphisms lifting the identity of a holomorphic line bundle with a 
connected base is C*. So the projective representation induced by V^*" is 
the same as the one induced by the Hitchin connection. Observe that this 
projective representation factors through a projective representation of F^^i. 

1.7 A conjecture on V\ 

Recall that the Hodge line bundle is the complex line bundle over the Te- 
ichmiiller space whose fiber at a is A*°P-?/^(So-, O). Here So- is the surface S 
endowed with the complex structure a and O is the structural sheaf. Denote 
by A the pull-back of the Hodge line bundle by the projection A4 x T ^ T- 
There is an obvious action of F^ on A. Furthermore the previously defined 
actions of Fg on K and L'^g factor through actions of F^^i. We conjecture 
that there exists a F^^i-equivariant isomorphism 

K^Lcl(^ A"'-^ (2) 



A similar result is proved for the moduli space without marked point in |21]. 
Introduce a symplectic basis of the first homology group of S. So the 
action on the homology defines a morphism ^ : Fg — > Sp{2g, M). Let Mp{2g) 
be the metaplectic group and q be the projection Mp{2g) — )• Sp(25r,M). If 
there exists a F^ i-equivariant isomorphism (^), then we have the following 
group isomorphisms 

~i J Tg X Z2 if n is even 
^ ^ \ {(7, /i) G Fi X Mp{2g)/ ^(7) = q{h)} if n is odd. 

2 Semi-classical results 

2.1 Asymptotic flatness 

The sequence of connections (V '=) is asymptotically flat. 

Theorem 2.1. For any vector fields X, Y ofT, any compact set K ofT, 
there exists C > 0, such that the curvature at any a £ K 

has a uniform norm bounded by Ck^^. 

We will propose two different proofs. The first in section ^ is completely 
elementary. The second one relies on a much more general result, theorem 



3.2. In both cases, the result follows from miraculous cancellations, happen- 



ing only with the metaplectic correction and which were first observed in 

Let a £ T. Let /i = (7, 75) G F^ and p be a path of the Teichmiiller space 
from 7.0" to o". For any integer k, the action of h restricts to a linear map 
from T-Lk,a to 'Hk,'y.a- By composing this map with the parallel transport 
along p, we obtain an endomorphism of Hk^a- that we denote by Uk{h,p). It 
follows from theorem ^^ that these maps are defined independently of the 
choice of p up to a 0{k^^) term, that is for any paths pi and p2 from 7.0" 
to O", 

Uk{h,pi) = Xk{pi,P2)Uk{h,p2) 

where Afc(pi,p2) is a sequence of complex numbers equal to 1 + 0{k~^) . 
Furthermore we obtain an asymptotic representation of Fg in the sense that 

Uk{h,p).Uk{h\p') = f,k{p,p')Uk{hh',p"), 

with fJ-k{p,p') a sequence of complex numbers equal to 1 + 0{k^^). 



2.2 Semi-classical properties of the quantum representation 

Our main result says that the sequences {Uk{h,p))k are Fourier integral op- 
erators. This means that the Schwartz kernel of such a sequence concentrate 
in a precise way on a Lagrangian submanifold of A^ x A^~. Furthermore the 
restriction of the Schwartz kernel to this canonical relation is described in 
first approximation by a flat section of the prequantum bundle Lcs ^ -^CS' 
Here, the Lagrangian manifold and the flat section are the graphs of the 
action of the mapping class 7 G F^ on the moduli space Ai and the Chern- 
Simons bundle respectively. 

To state the result, let us recall our convention for Schwartz kernels. 
Since Tik^a is a finite dimensional Hilbert space, we have an isomorphism 
End{7ik,a) — 'Hfc.o- <X) 'Hk,cT- The latter space identifies with the space of 
holomorphic sections of the bundle 

(L^ 5a) m (lI ® 4) ^ May-J^a 

We call the section associated to an endomorphism its Schwartz kernel. 

Theorem 2.2. Let h = (7,75) € Fi and p he a path of the Teichmuller 
space from 7.0" to a. Then the Schwartz kernel ofUk{h,p) has the following 
form 

— ) F\x,y)0fix,y,k) + Oik-°^) 
where m is the complex dimension of Ai and 

• F is a section of L^ M L^ such that \F{x,y)\ < 1 if x ^ 'j.y, 

F{i-y,y) = il-u) ^u 

for all y ^ M and u & Ly of norm 1, and dF = modulo a section 
vanishing to any order along {(7.1/, y)/ y G M.}. 

• /(., k) is a sequence of sections of 6^ Kl ^o- — ?■ M.^ x M.^^ which admits 
an asymptotic expansion in the C°° topology of the form 

fo + k-'fi + k~^f2 + ... 

whose coefficients satisfy dfi = modulo a section vanishing to any 
order along {(7-2/, y)/ y G M}. 
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Let (Fk -^ N)k be a family of Hermitian bundle over the same base and 
(sfc G T{N,Fk))k be a family of section. Then we say that s^ is 0{k^°°) if 
for any integer N, there exists Cat > such that 

\\sk{x)\\ !^ CNk-^ , VxGiV. 

The previous theorem implies in particular that the sequence of Schwartz 
kernel ofUk{h,p) is 0{k~°°) over any compact set oi Ai'^\{{'y.x,x),x £ A^}. 
To complete the description of the leading order term, we determine the 
restriction of /o to {(7-y,y)/ y S Ai}. It depends on the morphism 75 of 
the half-form bundle. 

For any x in A^ and a in T, let E^^^x be the subspace of T^Aia ^ C which 
consists of the vectors of type (1,0). For any a, a' € T, let Tra-',a,x be the 
projection from E„/^x onto E^^^x with kernel E^^i^x- Recall that by definition 
of the half form bundle, there is a preferred isomorphism Lp from 6'^ to 
K = det E* . Since the moduli space and the Teichmiiller space are simply- 
connected, there exists a unique family 'ifa,a',x '■ ^a;x -^ ^a' ,x of isomorphisms 
satisfying 

depending continuously on o", a' and x and such that ^(j.(t,x is the identity 
of 5(j^x for any a. 

Theorem 2.3. Let h = (7, 75) € Fj and p he a path of the Teichmiiller 
space from 7.0" to a. Then for any x € M., the Schwartz kernel of Uk{h,p) 
at {'j.x, x) is equal to 



V27r 



[(7.^^) ® n]"^ ® {"^^.a^oAlM) ®v\+ Oik"^-^] 



where m is the complex dimension of M and u, v are any vectors with norm 
1 of Lx and S^^x respectively. 



Theorems |2.2| and 2.3 are consequences of theorem |6.3| , the latter being a 
generalization of theorem 7.1 in |jl^. We provide a complete proof in section 

2.3 Asymptotic faithfulness and asymptotic unitarity 

Let us explain the relation with Andersen's work. By the Egorov theorem 



for Toeplitz operator (theorem 3.3 of [15|), one deduce from theorems 
and p.3| the following fact: if (T^)^. is a Toeplitz operator of {'Hk,a)k with 
symbol / gC°°(7W), then 

iUk{i,py^TkUk{-/,p))k 
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is a Toeplitz operator with principal symbol Jj^f- This fact was proved in 
P]. Observe that the Egorov property depends only on the projective class 



of C/fc(7,p) unlike theorems 2.2 and 2.3. 



The second part of the following theorem was the main argument to 
prove the asymptotic faithfulness of the quantum representation in Q . 

Theorem 2.4. Let h = (7,75) € T^ and p be a path of the Teichmuller 
space from 7. a to a. If Uk{'y,p) = id when k is sufficiently large, then 7 
acts trivially on the Chern- Simons bundle and 75 = id. If 

Uk{^,p)TUk{^,p)-' =T, VT € Endi-Hk,^) 

when k is sufficiently large, then 7 acts trivially on the moduli space A4. 



The first part is an immediate consequence of theorems |2.2| and |2.3| . The 
second part follows from Egorov property using the fact that any smooth 
function of A4 is the symbol of a Toeplitz operator. 



Another corollary of theorems |2.2| and 2.2 is the asymptotic unitarity. 



Theorem 2.5. Let h = (7, 75) G f ^ and p be a path of the Teichmuller 
space from 7.0" to a. Then 

Uk{l,p)Uk{l,pT = id+0{k-^) 
where the 0{k~^) is for the uniform norm of operators ofHk^cr- 

This is a general properties of Fourier integral operators whose symbols 



are half-form morphisms, cf. [^ and [18]. In proposition 2 of [^, Andersen 



introduced a metric asymptotically preserved by the quantum representa- 
tions which is likely to be the same as the one in this paper. 

2.4 Characters of the quantum representation 

Let us turn to the asymptotic of the characters of the quantum representa- 



tions. In |18|, we proved that the trace of a Fourier integral operator whose 
canonical relation intersects transversally the diagonal has an asymptotic 
expansion. We also computed explicitly the leading order term. By theo- 



rems Y^ and |2^, these results can be applied to the mapping class group 
representations. 

Theorem 2.6. Let h = (7, 75) € F^ and p be a path of the Teichmiiller 
space from ^.a to a. Assume that the fixed points of the action of j on Ai 
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are all non- degenerate. Then we have 

xeM/'y.x=x ' ^ \ n //\ 

where for any fixed point x (z A4, 

• L(7, x) is the linear tangent map at x of the action of ^ on Ai, 

• the action of 7 on the fiber of the Cherns-Simons bundle at x is the 
multiplication by the complex number u{^ , x) , 

• m{js,x) € Z/4Z is the index of the automorphism ^'y.a,a,x°^5 of 5(j^x- 



The indices m(75,x) are defined in [18|. Let us discuss the other terms 
of the formula. Let $ be a difFeomorphism of S fixing p. Let [P] € A4 be 
such that the restriction of <I> to S \ {p} lifts to an isomorphism $p of P. 
Then the induced isomorphism of Ad P — )• S \ {p} extends by continuity at 
p to an isomorphism Ad <l>p of Ad P. We have 

L(7,a;) = (Ad$p)* : i?^(S, AdP) ^ i/^(S, AdP) 

if 7 is the mapping class of ^ and x = [P]. Introduce the mapping torus 

(AdP)Ad*p = (AdP X M)/((Ad$p)(x),t) - {x,t + l) 

It is a flat bundle over the mapping torus of $. Is is a well known fact that 
the Reidemeister torsion of (adP)Ad*p satisfies 

|r((adP)Ad<J'p)| 



det(id-L(7,x))| 

We refer the reader to [^4| for a proof. The complex numbers '^(7, x) are 
related to the Chern-Simons invariant of the mapping tore of $p. This 
will be explained in another paper, the difficulty is that the base of this 
bundle is not a closed manifold, so we must be careful in the definition of 
the Chern-Simons invariant. 

3 Hitchin's connection 

3.1 Holomorphic differential operators 

Let M be a complex manifold and P — )• M be a holomorphic line bundle. 
Consider the algebra of differential operators acting on r(M, P). It is the 
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direct sum of the subalgebra of holomorphic differential operators and the 
left-ideal X generated by the anti-holomorphic derivations. More explicitly, 
introduce a local holomorphic trivialization of F and a system (z*) of holo- 
morphic coordinates of M. Then each differential operator is of the form 

where the coefficients a^ and aa^p are smooth functions. The first summand 
is a holomorphic differential operator and the second one belongs to the 
ideal X. 

We denote by D^^{F) the bundle whose sections are the holomorphic 
differential operators of order k acting on T{M,F). D^^{F) has a natural 
holomorphic structure, such that its holomorphic sections are the holomor- 
phic differential operators with holomorphic coefficients. Observe that for 
any holomorphic differential operator P and smooth section Z of T'^'^M, 
one has 

DzP=[D2,P] modX (3) 

where D^ denote the derivative of sections of D^"^{F) (resp. F) on the left 
hand side (resp. right hand side). 

3.2 Variations of complex structures 

Let U and M be two manifolds. Consider a smooth family {ju)u&u of com- 
plex structures of M. Denote by M^ the complex manifold {{u} x M,ju)- 
Let E be the complex vector bundle over U x M with fibers 

Eu,x = T^' Mu- 

We call E the relative holomorphic tangent bundle. We shall often consider 
the decomposition of the tangent space of C/ x M given by 

Tu,x{U X M) (g) C = {TuU (g) C) e Eu,x e Eu,x 

Let X be a vector field of U. Since j^ = — id, the derivative of (j„) with 
respect to X has the form 

X.j = f,{X) + fl{X) 

where ^ is a section of Hom(£^, E). Let Z be a smooth section of E. Consider 
Z and X as vector fields oi U x M. Observe that the Lie bracket [X, Z] is 
tangent to E (B E. Furthermore, 

[X,Z] = ^fi{X){Z) modE. (4) 
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which foUows easily from the fact that the projection from E (B E onto E is 
i(id+ii). 

3.3 Connection 

Consider as previously two manifolds U and M with a smooth family {ju)ueu 
of complex structures. Let (F„ -^ Mu)u&u be a smooth family of holomor- 
phic line bundles. Assume that M is compact and that the dimension of the 
space H^{Mu,Fu) of holomorphic sections does not depend on u. Then by 
elliptic regularity, there exists a smooth vector bundle Ti with base U and 
fibers H^(Mu, F^), such that its smooth sections are the smooth families of 
holomorphic sections (cf |^], chapter 9.2). 

Let F and D2°^{F) be the bundles over U x M which restrict over any 
slice Mu to Fu and D2°^{Fu) respectively. If s is a section of F, we denote 
by ds the section oi F ^ E* which restricts over M^ to duSu- So a smooth 
section of H is by definition a smooth section of F satisfying ds = 0. We 
use the same notation with D2°^{F) and more generally with any family of 
holomorphic bundles. 

Introduce a connection V on F, such that its restriction to any M^ is 
compatible with the holomorphic structure of F^. Introduce a section P of 
D2°^{F) 0p*{T*U) where p is the projection from U x M to U. We would 
like to define a connection on Ti ^ U whose covariant derivative in the 
direction of X G T{U, TU) is given by 

Vx + P{X). (5) 

The following lemma provides a sufficient condition for the connection to be 
well-defined. We denote by FC the curvature of V. 

Proposition 3.1. Assume that for any section Z of E, we have 



I 



2 



V/ 



[dP{X)]{Z) = -V^^^.,2) + R''{X,Z) 



Then if s is a section of F whose restriction to each M^ is holomorphic, the 
same holds for (Vx + P{X))s. 

Proof. We show that the assumption implies that for any smooth section s 
of F and any point u of U 

{[Vz,Vx + P{X)]s)^ = Q^Su 
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with Qu a differential operator of Fu in the ideal lu generated by the anti- 
holomorphic derivations. By (Q), we have that 

Nz, Vx] = -i^^.ix)(z) - R^iX, Z) mod 1 
By ®, we have that 

[Vz,P{X)] = [dP{X)]{Z) modZ. 
The conclusion follows. D 

3.4 Unicity 

Let us discuss the unicity of a connection of the form (^) and satisfying the 



assumption of proposition ^J. Assume that M is connected and that for 
any u, M„ has no holomorphic vector field. Suppose that (V, P) satisfies 
the hypothesis of proposition ^.l| for any vector field X. Let (V'^P') be 
another pair satisfying the same assumption. Assume that for any u £ U 
and X £ TuU, P{X)u and P'{X)u are second-order differential operators 
with the same principal symbol. Then there exists a form a G r2^(C/) such 
that 

V^ + P'iX) = Vx + PiX) + aiX) id (6) 

for any vector field X of U. 

Indeed, V and V' differ by a one- form /3 G n^{U x M, EndF) which 
vanishes in the directions tangent to E. Let /3 be the section of EndF (8> 
p*T*U such that f3{X) = I3{X), for any vector field X of U. Then it is easily 
checked that the pair (V' — f3,P' + f3) satisfies the assumption of proposition 



3.1 . Since 

V'x + P'iX) = Vx- pix) + P'{X) + PiX) = Vx + P'{X) + p{X) 



we may assume that V = V. Next, the hypothesis of proposition |3. 1| implies 
that 

BiPiX) - P'{X)) = (7) 

Since P{X)u and P'(X)„ have the same principal symbol, P(X)„ — P'iX)^ 
is a first order holomorphic differential operator. Since H^iMu,Eu) = 0, 
equation (0) implies that PiX)u — P'{X)u is a zero-order holomorphic dif- 
ferential operator. In other words, P(X)„ — P'(X)„ is the multiplication by 
a function. By equation (|7|), this function is holomorphic, hence constant 
because M is compact and connected. This proves that P' = P + a with 
a E f]^([/). The desired equation (^) follows. 
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3.5 A preliminary computation 



To apply proposition p.l| , we need to compute the d of some second order 
differential operator. The parameter space doesn't enter in the calculation, 
so we assume in this subsection that U = {pi}. Suppose that the complex 
manifold M has a Kahler metric, and that the holomorphic line bundle F 
has a Hermitian metric. Hence F and T'^'^M have canonical connections 
compatible with the metric and the holomorphic structure (Chern connec- 
tion). Let G be a section of the second symmetric tensor power S'^{T'^'^M). 
Define the holomorphic differential operator acting on the sections of F 

A«s = TrE-'i(^''°^^^)(V^''°^^^®^(GW^s)) (8) 

More explicitly if 9i, . . . , 5„ is a local frame of T'^'^M and li,..An is the 
dual frame, 

k i,j 

where Vj is the covariant derivative with respect to di and G = ^ Gijdi®dj. 

Proposition 3.2. Assume that G is a holomorphic section of S'^iT^'^M), 
then 

BA^ = Y,{2R'' + i?'i'=*)(-, 5i)Gi,- Vf + e^ 

where R^ is the curvature of V^, R'^'^^ is the curvature of the Chern con- 
nection of A'^T^'^M and 9 is the one-form of M given by 

for any (local) holomorphic section Z ofT^'^M. 

This is a slight generalization of a computation in p^], page 364. The 
assumption that the metric is Kahler is used for certain symmetries of the 
curvature tensor of T^'^M. 

3.6 The setting 

Assume now that M is a symplectic manifold and that {ju)ueu is a family 
of compatible complex structures. So each M^ is a Kahler manifold. 

Let Lm — )■ M be a prequantum bundle, that is a Hermitian line bundle 
with a connection of curvature jUJ. For any u, denote by L„ — > M„ the 
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bundle Lm with the holomorphic structure compatible with the connection 
and ju- Denote by L the pull-back of L^j by the projection U x M ^>- M 
and endow L with the pull-back connection. 

Consider a pair {5, if) which consists of a line bundle 6 over U x M 
with an isomorphism if from 6'^ to A^°^E*. Such a pair exists if and only if 
the second Stiefel- Whitney class of M vanishes. The restriction 5u of 6 to 
Mu has holomorphic and Hermitian structures determined by the condition 
that the isomorphism (/9^ : (5^ — > A^°^E* is an isomorphism of Hermitian 
holomorphic bundles. We call {6u,Vu)ueU a family of half-form bundles. 

Let us define a connection on 6. First consider the connection S/^®^ on 
E®E such that its restriction to each slice M^ is the Levi-Civita connection 
of the Kahler metric of M^ and the covariant derivative in a direction tangent 
to U is the obvious one. This makes sense because the restriction of E (B E 
to U X {x} is the trivial bundle with fiber T^M C. Next we consider the 
following connection on E 

where vr = ^{id—ij) is the projection oi E ® E onto E with kernel E. 
This defines a connection on the associated bundle a*°P£'* and finally a 
connection V on 5. 



Our aim is to apply the construction of chapter 3.3 to the bundle F = 
L'^ 6. So consider the vector space 

'Hk,u = H'^iMu,L'l(^5u) 

with the scalar product obtained by integrating the punctual Hermitian 
product of sections against the Liouville measure of M. For any compact 
set C of U, if k is sufficiently large, the dimension of T-Lk,u is constant when 
u runs over C. Here we do the global assumption that there exists ko such 
that the dimension of 'Hk,u does not depend on u G U when k ^ ko. For 
k ^ ko, the spaces Tik^u ^ire the fibers of a smooth vector bundle "Hk over 
U, whose sections are the smooth families of holomorphic sections. In the 
sequel we always assume that k ^ k^. 

3.7 Existence of the connection 



Consider the same data as in section |3.q . To define a connection on the 
bundle Tik — ?• U, we assume first that M is simply connected. Then for any 
tangent vector X oiU at n, introduce the section G{X) of S'^iT^'^Mu) such 
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that 

Y, GijLoidi, ■)dj = ii{X)u, G{X) = Gijd, ® dj (9) 

Our second assumption is that these sections G{X) are holomorphic. 



To apply proposition 3.1 to the bundle F = L 6, we need to compute 



the curvature R of V . The following result is proved in H] . 

Proposition 3.3. For any tangent vector X G T^U and section Z of E, we 
have 

4R^{X,Z) = e^^{z) 
where " is defined as in proposition 3.2. 



As a consequence of proposition 3.2, we have for any tangent vector 
X G TuU and section Z of E^, 



[M^W] (Z) =2ikV^':^^^ + ke^^iz) + 9^-{Z) 



by proposition |3.3| . For A; = 0, this implies that 9^ " = 0. Since M is sim- 
ply connected, by Hodge decomposition, the Dolbeault cohomology group 
H^'^{Mu) vanishes for any u. So there exists a function H{X) such that 

dH{X) = 6^\ [ H{X)uj'' = (10) 

Jai 

This defines a section H e T{U x M,p*{T*U)). Then 

V;^'=®^ + 1(A^W-/7(X)) 

satisfies the assumption of proposition |3.1| . To summarize, we have prove 
the following theorem. This was the main theorem of Q. 

Theorem 3.4. Let M be a simply- connected compact symplectic manifold 
endowed with a prequantum bundle Lm and a family {ju, Su, ^u)u&u of com- 
patible complex structures with half-form bundles. Assume that the sections 
G{X), X G TU , defined in ^ are holomorphic. Then the bundle Tik — >• U 
with fibers T-Lk^u = H^i^mL^ ® Su) admits a connection V^'' defined by 

V^'= := V;^'^"^ + j- (A^(^) - H{X)) , X G T{U, TU) (11) 



where A^ -* and H{X) are given by the equations ^ and (IC) 
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3.8 Application to the moduli space 

We can apply the previous constructions to the moduh space ^A and the 



Chern-Simons bundle, cf. chapter 1.1, with the Teichmiiller space as a 



parameter space. All the assumptions we made are satisfied. We obtain 
a connection explicitly given by ([ll]). We assert that this connection is 



projectively flat. This can be deduced from the results of |22] and our 
discussion about the unicity. 

Indeed, in [^], Hitchin considered the quantum space Ti'j^ over T whose 
flber at a is H^{M.„,L^). He proved the existence of a projectively flat 
connection of the form 

Vi'+P^,(X), XeT{T,TT) 

where for any o", P^,(X)(j is a second order differential operator. Further- 
more the symbol of P^(X)o-, viewed as a section of S'^{Ea-), is G/{4:{k + 1)). 
Because of the isomorphism 5 ~ L~^, this defines a connection on Tik+i- It 



follows from the discussion of chapter 3.4 that this connection is the same 



as (11) up to a term of the form aid with a G Q,^(l~). So the curvatures of 
the two connections differ by da id. 

4 An algebra of Toeplitz operators 

Consider a complex compact manifold M and a family of Hermitian holo- 
morphic line bundles F = {Fj -^ M)j^j. For any j S J, let Op(Fj) be 
the algebra of holomorphic differential operators acting on the sections of 
Fj. Consider the subalgebra Opg^{F) offlj^j Op(Fj) consisting of the fam- 
ily (Pj) satisfying the following condition: there exists i such that for any 
complex coordinate system {U,z^, . . . ,z"), there exists a family {aa)\a\^e of 
C^{U) such that we have over U 



Here V J is the Chern connection of Fj , and V^ ^ is the covariant derivative 
with respect to d^e. To check that Opsc(F) is a subalgebra, it suffices to use 
that [vf^vf] = 0. 

Let yu be a measure of M. We define a scalar product on T{M,Fj) by 
integrating the pointwise scalar product of sections against fi. Denote by 
Hj the orthogonal projector of T{M,Fj) onto its subspace of holomorphic 
sections H°{M,Fj). 
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Proposition 4.1. For any (Pj) G Opg^{F), there exists a function f G 
C°°(M) such that for any j & J 

where Mf is multiplication operator ofT{M,Fj) with multiplicator f. 



The proof is based on a trick due to Tuynman [31|, a similar result was 
also used in Q. 

Proof. Let {Pj) € Op{F). Observe that all the Pj have the same order i 
and the same symbol a. This symbol is a section of S^{T^'^M). Using a 
partition of unity, we can write a under the form 



a= Y, Xi®...(^X, 



i=l, 



where the Xj, are smooth sections of T^'^M. Since 



p,- E v^... 



p. p. 



i=l,...,r 

has order £ — 1, it suffices to prove the proposition for each operator 

p. p. 

^ XI ^ x\ 

Let si,S2 be smooth sections of Fj. Assume that S2 is holomorphic. Then 
for any smooth section X of T^'^M^ we have 

X[(si,S2)^] = (Vjy'S1,S2)M+ (si,S2)(divX)// 

So if we denote by (•, •)p. the scalar product of sections we obtain 

17. 

(V^'Si,S2)f, = (/si,S2)f, 

with f = — div X. So if Xi, . . . , X^ are smooth sections of T^'^M, then 

(V5, . . . Vj^Si, S2)p, =(/lV J . . . Vj^.i, S2)f, 
= {fsi,S2)Fj 

where / is a function which depends only on fj, and the vector fields Xi. 
This proves the result. D 
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5 Asymptotic flatness 



In this part we consider the same data as in section 3.6. We will prove that 
the curvature of the connection V *= defined in theorem 3.4 vanishes in the 
semi-classical limit k — )• oo. For any vector field X of U, denote by Pk{X) 
the operator 

Pfe(X) = i(AGW-i/(X)) 

The curvature of (^Tj) in the directions X,Y ^ T{U,TU) is 
Ru{X,Y) =[V;^'®^ + k-^Pu{X),V'f^' + k-^Pf,{Y)\ 

Recall that the algebra of differential operators acting on the sections of a 
holomorphic fiber bundle is the direct sum of the algebra of holomorphic 
differential operators and the left ideal generated by the anti-holomorphic 
vector fields. If Qu is a differential operator acting on T{Mu,L^ 6u), we 
denote by Qu°^ its holomorphic part. We use the same notations for families 
{Qu)u<=u- We denote by Op^^ the space of families 

consisting of differential operators such that for any k, Qu,k depends smoothly 
on u and for any u, {Qu,k)k belongs to the algebra Opgc(-^u ® 5u,k ^ /cq) 
introduced in the previous section. 

Theorem 5.1. For any vector fields X,Y of U , one has 

Rk{X,Y)''°' = k-^P^^k{X,Y) + k-^P2,k{X,Y), \fk ^ ko 
where the families (Pi^fc(X, y))^ and (P2,fc(^)^))fc belong to Op^^. 

Theorem B?l| about the asymptotic flatness follows. Indeed by proposi- 



tion [4.1| , for any family {Qu,k) of Op^^' there exists a continuous function 



C : {/ — 7> M such that for any k and u, the uniform norm of 

^u,kQu,k ■■ H\Mu, Li 5u) -^ H^Mu, Li 5„) 

is bounded by C{u). 

The remainder of this section is devoted to the proof of theorem ^j| . 
Since L is the pull-back of a bundle over M, its curvature in the directions 
tangent to U vanishes. For the half-form bundle, the curvature R depends 
on the derivative of the complex structure. Recall that we denote by ii{X) 



the variation of the complex structure, cf. section 3^ 
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Proposition 5.2. For any vector field X, Y of U, 

R\X,Y) = ltrif,iX)-Jl{Y)-is{Y)jl{X)). 



The proof is easy, cf. as instance the proof of theorem 7.2 in [15]. 
Proposition 5.3. For any vector fields X,Y ofU we have 

[V^'^\P,{Y)f°' = K{^,{Y)nX)) + Pu{X,Y) 

where the family {Pi^{X,Y)) belongs to Opg^. 

Proof. Introduce a local frame 3i , . . . , 5„ of the relative holomorphic tangent 
bundle of M x [/. Denote by V the covariant derivative oi L ® 5 and by 
V^ the covariant derivative in the direction of di. In the sequel, repeated 
indices i and j are summed over. We have 

A^(^) = fjV] + G.,,jV\v]. (12) 

where the coefficients fi and Gij do not depend on k. Then 

[V\J,V^] = iX.f))V'; + /, Vf„,9^.] + fjRHx, dj) (13) 

where R is the curvature of V . The first term of the right hand side clearly 
belongs to Op^^, the third term also because 

R^{X,dj) = R^{X,dj) 

is independent of k. For the second term, observe that the holomorphic part 
of Vfv a 1 is a linear combination of the V^ with smooth coefficients which 



do not depend on k. So the holomorphic part of (|13|) belongs to Opg^. Let 
us compute the bracket of V^ with the second term of (12). 



[V^, G,, Vf V^^] = iX.Gi,)S/^V'; + Gi, [V^, Vf ] V^^ + GijS/'l [V^, V^^] 

The first term of the right hand side belongs to Op^^,. The same holds for 
the holomorphic part of the third term because 

G.,vf [v^,v,^] = G,,v'yvf^^Q^^ + G,,v^R'ix,d,). 

and we can argue as we did for (|T3|). The second term is equal to 

Gij [VkM] V,' =Gi,-Vf^^g^] V) + G,,rHx, d,)V^ 

=GijVjV^x,d^] + Gij'^[[x,d,],dj] +GijR {[X,d.i\,dj) 
+ G^jR\X,di)V] 
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All the terms of this last sum have a holomorphic part in Op^^ except the 
third one which is equal to 

Since ^jl{Y) = GijUj{di, ■)dj, we have 

ti{f,{Y)ji{x)) = GiMdi,Ti{x){d,)) 

Using that [X, (9j] = —^]j{X){di) modulo E, it follows that 

^G,M[X,d^],dj)='^tT{^i{Y)jl{X)) 
Collecting the various terms, we obtain the result. D 



Let us conclude the proof of theorem 5.1. We have 



Rk{X, Y) =R'{X, y) + 1 [V;^'®^ P,(y)] - i [V^'^^ Pk{X)] 
+ ^[P,(X),Pk{Y)]-^Pk{[X,Y]) 



By propositions 5.2 and p.3| , the holomorphic part of the sum of the first 
three terms is in k'^Op^^. The last two terms belong respectively to k~'^Opg^ 
and k~^Opg^. 

6 Semi-classical connection 

Let (M, cj) be a compact symplectic manifold with a prequantum bundle 
Lm -^ M. Consider a manifold U and a smooth family {Ju,Su,^u)ugu 
consisting of positive complex structures with half-form bundles. 



We adopt the same notations and conventions as in sections 3.2 and B.C. 
Namely, M„ = {u} x M is endowed with the complex structure ju, L^ -^ M^ 
is the prequantum bundle with the holomorphic structure induced by ju ■ We 
denote by L, 5 and E the bundles over U x M whose restrictions to each M^ 
are Ly_, 5^ and T^'^M^. Let Hk be the vector bundle over U whose fibers 
are the Hilbert spaces 

and denote by Ilk,u the orthogonal projector from r{Mu, L^®5u) onto 'Hk,u- 
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We now define a connection of tlie bundle l-Lt- Consider tlie same con- 



nections on 5 and L as in section 3^. We set for any vector field X oi U 
and section s of T-Lk 

It is easily proved that this is indeed a connection. More generally we shall 
consider the connections 

^Toep,A:^^^^ ^^ g f]l([/, End(?^fc)) 

where the family {A^^k = 1,2,...) is a Toeplitz operator. This has the 
following meaning. Let p be the projection from U x M onto U. Then there 
exists a sequence /(•, k) of r{U x M,p*{T*U 0C)) admitting an asymptotic 
expansion of the form /o + k~^ fi + . . . for the C°°-topology on the compact 
subsets, such that 



AkiX){u) = Uk-aMf(^x){;u,k) ■ T-l-k,u -^ H 



k,u 



for any vector field X oi M. Here Mg denote the multiplication operator 
by g. We call /o the principal symbol of {Ak). This includes the connection 
defined in section R^. Indeed proposition [4.1| implies the 



Proposition 6.1. There exists /i G T{U x M,'n*{T*U) ®C) such that for 
any k^ k^, we have 

for any vector field X of U . 

The results in B also rely on the comparison between V^^*" and Vj^"*^^' 
(without the metaplectic correction). 

The following theorem says that the curvature of these connections is a 
Toeplitz operator in a semi-classical sense. 

Theorem 6.2. There exists a sequence g{-, k) G r(;7 x M,p*{A^T*U ® C)) 
admitting an asymptotic expansion of the form go + k~^gi + . . . for the C°°- 
topology on compact subsets, such that the curvature of 'V^°'^^'^ + Ak satisfies 

R^''{X,Y)^ = nk,uMg(^x,Y)i;u,k) + 0(fc"°°) 

where the 0{k^°°) is uniform on compact set ofU. Furthermore, go is given 
by 

go{X,Y) = X.foiY) - y./o(X) - fo{[X,Y]) 

with /o the principal symbol of (Ak). 
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This theorem is a generahzation of theorem 7.1 of [^, where we did not 
consider the terms (^fc)- The proof is an immediate generahzation of the 
one in [^ . This provides another proof of theorem p.l| . 

To describe the parahel transport along a path 7 in the bmidle Tik we 
introduce the notion of half-form isomorphism. For any u,u' (z U and x € M 
denote by iTu',u,x the projection from Ey^/^^ to E^^x with kernel Eu'^x- We say 
that a linear isomorphism ^ of Y{.oTa.{5u,x)^u' ,x) is a half-form isomorphism 
if its square is the pull-back by '7Tu',u,x, more precisely 

^u',x°'i'^ = K',u,x°'Pu,x- 

Such an isomorphism is unique up to a plus or minus sign. If 7 is a path 
of U, then for any x, there exists a unique continuous path of half-form 
morphism (5^(o).a; — >• ^■y{t),x starting from the identity. We denote by ^(7) 
the morphism (5^(o) ~^ '^7(1) obtained at t = 1. 

Theorem 6.3. Let u,u' a U and ^ he a path from u to u' . For any k ^ ko, 
let Tk ■ 'Hk,u ~^ T~l-ky be the parallel transport along 7 in the bundle Tik for 
the connection V P' + A^- Then the Schwartz kernels of the operators T^ 
have the following form 

Tkix, y) = (— ) F\x, y) /(x, y, k) + Oik"^) 

where n is half the dimension of M and 

• F is a section of LML such that \F{x, y)\ <1 if x 7^ y, F{x, x) = v'S>v 
for all X and v & L^ of norm 1, and dj ,x-j^F = modulo a section 
vanishing to any order along the diagonal. 



• 



• 



f{-,k) is a sequence of sections of 6u' M 6u ^ M^ which admits an 
asymptotic expansion in the C°° topology of the form 

h{., k) = ho + k~'^hi + k~'^h2 + ... 

whose coefficients satisfy dj ,x-jufi = modulo a section vanishing to 
any order along the diagonal. 

If the principal symbol of (Ak) vanishes, then /io(x,x) = ^(7).^ ^ v 
for any x £ M and v G 6u,x with norm 1. 



For Aj^ = 0, this is theorem 7.1 of [O]. In the next section we provide 



a proof of theorem 6.3 more direct than the one in |15| and which shows 



clearly the role of the half-form bundle. 

26 



7 Parallel transport 

This section is devoted to the proof of theorem ^^. As previously, assume 
that (M, u) is a symplectic manifold with a prequantum bundle Lm- Choose 
an open interval / C M for the parameter space. Introduce a smooth family 
{jt)tei of positive complex structures of (M, w). We use the same notation 
as before. For instance, Mt is the Kahler manifold {M,uj,jt) and Lt is the 
prequantum bundle with its holomorphic structure induced by jt- Instead 
of half-form bundles we begin with a smooth family (Hf -^ Mt)t£i of holo- 
morphic Hermitian line bundles. Denote by 'Hk,t the space H^{Mi, L^ (>^ Hf) 
and by Ilk^t the orthogonal projector from T{Mt, L^ (g) Ht) onto 'Hk,t- 

Let A be a closed Lagrangian submanifold of (M, cj) and s be a flat 
unitary section of the restriction of the prequantum bundle to A. Introduce 
a section F of L ^ I x M such that 

F{t,x) = s{x), Vx E A 

the pointwise norm of -F is < 1 outside / x A and dF vanishes to any order 
along / X A. It is not obvious but nevertheless true that such a section exists 



(proposition 2.1 of [13|). It is unique up to a section vanishing to any order 
along A. 

We say that a sequence (/(■, k))k of r(/ x M, H) is a symbol if it admits 
an asymptotic expansion for the C°° topology on compact subsets of the 
form /o + k~^fi + ... with coefficients in r(/ x M,H). We call /o the 
leading coefficient of f{-,k) even if it vanishes. Recall the following basic 
result (lemma 2.5 of [p^]). 

Theorem 7.1. For any symbol f{-,k) ofT{I x M,H) we have 

Iik{F^f{.,k)) = F^g{.,k) + 0{k-^) 

where g{-,k) is a symbol ofT{I x M,H). Furthermore the restrictions to A 
of the leading coefficients of f{-,k) andg{-,k) are equal. 

Another important fact is that a family (^^ G T{U,'Hk)) of the form 

*fc = FV(-,A:) + 0(A:-~) 

is determined by the restriction of the symbol /(•, k) to I x A. Indeed one 
proves that ^k is 0{k~°°) if and only if the restriction of /(•, k) to I x A is 
0{k-"=^) (lemma 1 of (B 
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The next theorem involves the function c of / x A defined by 

1 '^ 
c{t,x) = -Y,^if^tA9i),di), {t,x)(£lxA (14) 

Here (9i, . . . , 9„) is a basis of Tx' Mt such that di + di is tangent to A and 
jU}{di, dj) = 6ij for any indices i and j. As in section 3.2, fi is the map such 
that 

Introduce a connection on the bundle H ^ I x M. 

Theorem 7.2. For any symbol f{-,k) ofT{I x M,H), we have that 

UkiVJ^y^iF'^fi; m = F^g{., k) + 0{k-^) 

where g{-,k) is a symbol ofT{I x M,H). Furthermore, the leading coeffi- 
cients /o and go satisfy 

go{t,x) = (Vf /o)(t,x) - c(t,x)/o(t,x), V(t,x) G / x A. 

Proof. By proposition 9.4 in |l^, we have V^^F = hF where h is a function 
on / X M that vanishes along / x A. The derivatives of h also vanish along 
/ X A and the second derivatives satisfy 

Zi.Z2./i(t,x) = --io{Zi,fi{Z2)), {t,x)£lxA 

for any vectors Zi,Z2 € Tx' Mf. Then we have 

V^;^^(fV(-, k)) = F\khf{., k) + Vg/(-, k)) 
Next by theorem 4.1 of WM and theorem |7.1| , we have 

nfcV^;^^(FV(-, k)) = F^g{; k) + 0{k"^) 
for a symbol g{-, k) = gQ + 0{k^^) with 

1 '^ - - 
9o = -^fo^didih + Vlfo 

i=l 

at any {t,x) G / x A. Here the basis {di)i of Tx' Mt satisfies the same 
conditions as the one in the definition of c{t,x). D 
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Let vr = 2 (id —ij) be the projection oi E ® E onto E with kernel E. For 
any (t, x) € /x A, ttj^^. restricts to an isomorphism from T^-A^C onto Tx' Mf. 
So the bundles p*(rA(8)C) and i*ii^ are naturally isomorphic, where p and t 
are respectively the projection / x A ^- A and the injection / x A ^- / x M. 
Consequently 

p* A*°P (r*A (» C) ~ i* A*°P S* (15) 

Denote by Dt the obvious derivation of the sections of p* A*°p (r*A (g> C) 
with respect to dt- Recall that Vg is the derivative of r(/ x M, E) obtained 
by composing the obvious derivation in ii^ © £■ with respect to dt with the 
projection vr. 

Proposition 7.3. Identifying the sections of i* A*°P £'* with the sections of 
p* A*°P (T*A ® C) through the isomorphism (jTjj induced by vr, we have 



A = Vj(^^°^^*) - 2c 



wzi/i c i/ie function defined in ^ 

Proof. Let x be a point of A. Consider a smooth curve t -^ U{t) of T^A. 
We have 

V| (vri,^C/(t)) = TTt,x{^t,xU{t) + TTt,xU{t)). 

Using that vr = 2 (id —ij), we prove that 

i , _ _ , 



Consequently 

I 
2 

To end the proof we have to show that 
i 



Vf, {nt,xU{t)) = --/Xi,,. o 7rt,xiU{t)) + vrj,,(f7(t)) 



tr(/Xi,^. o vfi,^. o gt,^ : T^'^Mt -^ T^'^^Mt) = 2c{t, x) 

where qt^x '■ Tx' M ^ TxA (g) C is the inverse of the restriction of nt^x to 
TxA C. Introduce a basis 9i, . . . , a„ of ri'°M C as in the definition (|l|) 
of c. Then qt,x{di) = di + di, so that Ttt,x{qt,x{di)) = Bi and then 

j 

=-c[t,x) 
i 

which concludes the proof. D 
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Let us consider a family of half-form bundles {6t,(pt)- For any {t,x) G 
/ X A, one has an isomorphism 

So we have a natural derivation Df of the sections of l*5 satisfying 



Let us apply theorem |7.2| with the family (Ht) = (dt) and the connection 
V^ induced by V^. Then by the last proposition, the equation determining 
the leading coefficient is 

i*go = Dt{i*fo). 

Theorem 7.4. Let /(•, k) be a symbol ofC°°{I x M). Let {^k e r(/, 'Hk))k 
be a family satisfying 

Assume that there exists to (^ I and a sym,bol g{-,k) ofT{M,6tQ) such that 
^k{to) = F^{'to,-)9{',k) + 0{k^°°). Then there exists a symbol h{-,k) of 
T{I X M,5) such that 

^k = F''h{;k) + 0{k-^). 

Furthermore the leading coefficient ho satisfies 

DtL*ho = i*(/o/io), ho(to,x) = go{x), V(t,x) G / x A 

where /o and go are the leading coefficients of f{-,k) andg{-,k) respectively. 

Proof. Since the argument is very standard, we only sketch it. Using theo- 



rems 



TA] and |7^ , we construct by successive approximations a symbol h{-, k) 
satisfying 

n,((V^;^^ + M^(.,,))(F'=/.(,fc)))=0(fc— ) 

and the initial condition 

h{tQ,x,k)= g{x,k) + 0{k~'^), Vx G A 

Then one proves that this approximate solution is equal to {^k) up to a 
0(/c-~) term. D 
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We are now ready to prove theorem ^^. Assume that belongs to I. 
Denote by Ut : T-Lkfl — > T-Lk^t the parallel transport map for the connection 

n.(v^;«^ + M,(.,,)) 

Consider the symplectic manifold M' = M x M~ with the prequantum 
bundle Lm' = Lm^Lm, the family of complex structures {j[ = jt x — jo)ig/ 
and the family of half-form bundles ((5^ = 5t iSi So)t£i- We may apply all 
the previous constructions to these data. We denote them in the same way 
with a prime added. In particular, Ti'f^ -^ I is the associated Hilbert space 
bundle. Its fiber at t is 

n^t =H%Mt X Mo, {L^t ^ -^o) ® {^t ^ 5o)) 

c^End{nk,o,nk,t) 

Denote by U the section of Ti'f^ whose value at t'lsUt- It satisfies the following 
equation 

where /'(•, k) is the pull-back of /(•, k) by the projection from / x M'^ onto 



the product of the first two factors. We apply theorem [7.4| to the section U . 
The Lagrangian submanifold A' is the diagonal of M^ , the section s' is given 
by s'{x^x) = u (^ u, for any u € L^ of norm 1. Uq is the identity of likfi- 
The fact that it satisfies the assumption of theorem [7.4| is the basic result 
of the semiclassical-analysis on compact Kahler manifolds. We deduced this 



result in ||T^ from the analysis of the Szego kernel in 1 11 ] . It says that the 
Schwartz kernel of the identity of likfl is equal to 

(|-)"F^5'(-,fc) + 0(A:'°°) 

where Fq is the restriction to Mq x Mq of the section F' associated to (A', s'). 
The leading coefficient of g'{-,k) satisfies g'{x,x,k) = u <Si u + 0{k~^) for 
any u G 5o,x of norm 1. 

To conclude we only have to compute the leading coefficient of the solu- 
tion. Identify the diagonal A' with M, so that the map ip'-i- ^ corresponding 
to ipt,x sends {6t,x®^o,x)'^ to A*°Pr^M(8)C. Then a linear map ^ : 6q^x -^ St,x 
is a half-form morphism if and only if 
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for all u S (5o,a; of norm 1. This is the main reason at the origin of the 



definition of the half-form morphisms, cf. lemma 6.1 in |15] for a proof. The 



conclusion follows from the fact that cOx doesn't depend on t. 
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